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Solution of the Parabolized Navier-Stokes Equations Using
Osher's Upwind Scheme
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A new, explicit, finite volume algorithm based on Osher's upwind method is applied to the two-dimensional
parabolized Navier-Stokes equations to model hypersonic flows. The algorithm is second-order accurate and
employs flux limiters to make the scheme total variation diminishing (TVD). The pressure gradient in the
subsonic region is limited in the streamwise direction to maintain a hyperbolic inviscid equation set. Second-
order central differencing is applied to the viscous terms and upwind differencing is applied to the inviscid
terms in both the subsonic and supersonic portions of the flowfield. The new algorithm is demonstrated by
computing four laminar-flow cases; supersonic flow over a flat plate, supersonic flow in a diffuser, hypersonic
flow over a 15-deg ramp, and hypersonic flow in a converging inlet. Extensive comparisons of heat transfer,
skin friction, and pressure coefficients are made between Osher's and Roe's upwind schemes. For this class of
flows, Osher and Roe upwinding yield very similar results.

I. Introduction

D ESIGN and analysis of flow about supersonic vehicles
is now being accomplished with the aid of the parabo-

lized Navier-Stokes equations (PNS). By using the PNS equa-
tions the computational burden can be reduced by an order
of magnitude. In recent years, upwinding has been applied
to the inviscid flux terms in the PNS equations. Upwinding
improved the quality of the solutions and eliminated the ne-
cessity of adding damping terms associated with the conven-
tional central-difference algorithms. In computational fluid
dynamics four major upwind schemes are used: Engquist and
Osher,1 Roe,2 Steger and Warming,3 and van Leer.4 Steger-
Warming splitting is not continuously differentiable across the
sonic points where the eigenvalues change sign and, conse-
quently, it has a "glitch" at the sonic point.5 Van Leer splitting
is known to yield smeared contact discontinuities, thus re-
quiring more grid points for resolving viscous shear layers.
Roe's scheme has gained wide acceptance for the solution of
the PNS and Navier-Stokes (NS) equations. The algorithm is
fairly easy to implement and the results, for most flows, are
very good. Unfortunately, Roe's scheme does not strictly en-
force the entropy condition and expansion shocks are possi-
ble.6"8 PNS schemes9"12 which have employed Roe upwinding
require an entropy correction model.9-13-14 While entropy cor-
rection models do eliminate nonphysical features, they are
dissipative and they generally introduce another point into
the shock-transition process and increase error in the flow-
field. However, Osher's15 scheme rules out expansion shocks
and actually enforces the entropy condition. It is continuously
differentiable which provides smoothness in transition points
and sharp contact discontinuities/shocks. Thus, in cases where
the flow experiences large expansions, Osher's method should
prove superior to existing upwind methods which have been
applied to the PNS equations. Therefore, this current work
involves the application of Osher's scheme to the PNS equa-
tions.
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II. Governing Equations
The PNS equations are readily obtained from the steady,

full Navier-Stokes equations by neglecting the streamwise vis-
cous derivatives. Steady, unseparated, multidimensional flows
with a predominant flow direction can be modeled with the
PNS equations.

Let/?, p, (w, v), e and h denote pressure, density, the two
Cartesian velocity components, total energy, and total en-
thalpy, respectively, with the "tilde" indicating dimensional
quantities. Let JJL and k be the coefficient of viscosity and heat
conduction, respectively. Let the functions £ = £(#, y) and
17 = rj(x, y) describe the coordinate transformation between
the Cartesian system (jc, y) and the curvilinear system (£, 77).
For the general transformation fx/J and -fy/J are the constant-
£ length projection in the y and x directions, respectively,
where the "*" and "y" subscripts denote partial differentia-
tion. Similarly, ijx/J and rjy/J are the constant-*/ length pro-
jection in y and x directions, respectively. For the viscous
terms, rjK = (j]K/J)Jr, where /'is the inverse of the average
area between adjacent cells and K represents x or y.

In an arbitrary curvilinear coordinate system the parabo-
lized form of the Navier-Stokes equations is obtained as

dE dF _
+ ~

where

E = E, , F»

(la)

,. - Fv)

(Ib)

The i subscript denotes inviscid flux terms and the v subscript
denotes viscous flux terms. The flux terms are given as

E{ = [pu, pu2 + /?, puv, (pe + p)u]T

y2 + Pi (Pe + P)VY

Ev = [0, TXX, rxy, UTXX + VTxy - qx]T

Fv = [0, Txy, Tyy, UTxy + VTyy ~ ^J^ ( 1C)

The shear stress terms, rxx, ryy and rxy9 are given as

Trr =

426
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ryy = (2/i/3/te.) (2^ - 17,11,

(Id)

The heat flux terms, qx and gv, are given as

A* 1
q* = ~RexPr(y - 1)M2 ̂

li l

Finally, i and /i are defined as

(le)

i = e ~-(u* + v2), /i = e + pip (If)

The Reynolds number is Rex = p^U^LlfL^ where Ux is the
freestream velocity, L is the reference length, fi^ is the free-
stream viscosity, and px is the freestream density. The free-
stream Mach number and speed of sound are Mx and ax,
respectively. All variables in Eq. (1) are nondimensionalized
as follows:

n -P~

TT — —
~ f•*• oo

= TyT M, V = -77

x,y- (2)

The ratio of the specific heats is denoted by y and the viscosity
is calculated using Sutherland's equation or by the power law.
Perfect gas relations are used to close the above systems of
equations. The nondimensional form of the equation of state
is T = yM^plp.

Equation (1) is hyperbolic-parabolic with respect to the
streamwise coordinate £, provided that the inviscid flow is
everywhere supersonic, the streamwise velocity u is every-
where greater than zero, and a suitable technique is applied
to the pressure term in the momentum equations to eliminate
departure solutions. In this study the "Vigneron technique"16

is used to avoid departure solutions. The Vigneron technique
involves splitting E into two parts

E = E* + P (3)

where

E* =
PM&

pv&

.(i).
+ fe] <»p
pUh

/> = (!- w)p

(4a)

and where <o is given by

a) — mm !W']
U = (%xIJ)u + (£ylJ)v, and M% is the Mach number in the
streamwise direction. The entire pressure gradient is retained
in the supersonic region while only a portion is retained in
the subsonic region. The safety factor a is used because the

original eigenvalue analysis carried out by Vigneron was for
a linear system.

III. Numerical Method
The PNS equations are integrated using a simple, explicit,

finite volume, second-order-accurate algorithm. To develop
a finite volume formulation Eq. (la) is integrated over the
arbitrary cell shown in Fig. 1. Applying Green's theorem
reduces the surface integral to a line integral which is eval-
uated assuming flow properties are constant across each cell
face. The net flux across the faces in the streamwise (£) di-
rection is simply the difference in E"+1 and E". The net cross-
flow (TJ) flux is the difference in F;+1/2 and F?_l/2. The ";' ±
i" denotes values at the interface between the j and / ± 1
cells and n is the streamwise station. The discretized form of
the PNS equations, assuming A£ = ATJ = 1, is

~ EJ = 0 (5)

Substituting Eq. (3) into Eq. (5) and linearizing the pressure
term yields the final form of the discretized equations as

(EfY + l = (£*)" ~ (FJ+U2 - F;_1/2) - (Pj - P"-1) (6)

To avoid difficulty with stability, the pressure term in Eq. (6)
is dropped.

To obtain second-order accuracy in the marching direction,
we use a general two-step method17 given as

E*(U*>, fp) = E*(U», f) - af(Un, f , T + 1)

E*(Un + l, £» + l) = E*(U», £") -

- 8F(U', (7)

swhere F = Fj+l/2 - Fy_1/2, f = f (f + *A£ 17), and
the matrix of dependent variables. £ embodies geometry
changes, and the other parameters are related to the accuracy
parameter 8 as )3 = 1 — 5, a = ^ = iS. By varying 6, we
obtain the family of second-order schemes listed below with
their commonly ascribed names:

(i Heun
d = j I Two-stage Runge-Kutta

[l Midpoint
(8)

Experience has shown that 8 = 1 is the most accurate but
least stable, and 8 = i is least accurate but most stable, while
d = I is a compromise between the two.

Adaptive space-marching is used to predict the correct step
size. The step size is computed from

= CFL min T, Rec (9)

Here, Amax is the largest eigenvalue of the PNS system, ReceU
is the cell Reynolds number, CFL is the Courant, Friedrichs
and Lewy stability number, and Ad is the distance of the first

£ Known value

O Unknown value

• i

U
j+l/2

j-1/2
n n+1

Fig. 1 Computational cell for finite volume formulation.
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cell from the wall. When only the first step (first-order Euler
integration) of the two-step algorithm is used, CFL is set to
one, otherwise it is set to two. For strong shock/boundary-
layer interaction CFL must be lowered.

A. Inviscid Flux
The inviscid fluxes are determined using the upwind schemes

of Osher and Roe. These schemes belong to the subclass of
upwind solvers referred to as Riemann solvers. Rather than
solving the true Riemann problem, they use the solution to
the approximate (linearized) Riemann problem to simplify
the numerical algorithm. The inviscid flux of a cell in the 77
direction is given by

F, = (TiJJ) Et + (ij/7) F, (10)

The inviscid interface flux Hj_V2 may be represented as

= 1
#,-1/2 ~ 2

\A(U, T,,_1/2)|dl/ (11)

Where A is the flux Jacobian matrix defined as

A = RAR~\ A = diag(Am) (12)

and R and R~* are right and left eigenvectors, respectively,
Am are the eigenvalues, and A is the diagonal matrix with Aw
as entries and 17 represents where the metrics are to be eval-
uated. The eigenvectors for Osher's scheme are associated
with the Euler equations. Roe's scheme is more versatile since
it is not restricted to use with the eigenvectors of the Euler
equations. The eigenvectors have also been derived for the
PNS system (see Appendix). The results computed using these
two eigenvalue systems are compared in test case 3.

The manner in which the integral in Eq. (11) is evaluated
is determined by which upwind scheme is used. For Roe's
scheme specially averaged values of U, designated as ft, are
used in defining an appropriate averaged value for A, des-
ignated as A. The integral can then be represented as

Uj-l
\A(U, rij. \ dU =

x (V, - {/,_,) (13)

Presently, no entropy-correction model is employed.
For Osher's scheme the integration path is split up into

three subpaths. The subpaths are piece wise-parallel to the
three eigenvectors which correspond to the three unique ei-
genvalues. The first and third subpaths correspond to the
nonrepeated eigenvalues, while the second subpath corre-
sponds to the repeated eigenvalue. The contribution of the
three elementary disturbances (rarefaction wave, contact dis-
continuity, and compression wave) correspond to the inte-
gration along each of the three subpaths. The value of U along
the subpaths reflects the contributions from the corresponding
disturbances. The intersection of the subpaths are known as
intermediate points. The eigenvalue along the first and third
subpaths may change sign resulting in a sonic point. Once the
value of U at the intermediate and sonic points is known, the
integral in Eq. (11) is formally evaluated. The integral yields
flux differences between cell values, intermediate values, and
sonic values. For an ideal gas equation of state, the value of
U at the intermediate and sonic points can be determined in
closed form using Riemann invariants.

The present algorithm is second-order accurate in the cross-
flow and marching directions. The second-order crossflow flux

is composed of the first-order flux and second-order spatial
correction terms which are also TVD. TVD schemes provide
a monotonic variation of flow properties which are second-
order accurate. Two different models are used for the second-
order inviscid flux-correction terms; the Chakravarthy and
Osher18 (C-O) limiter and the entropy-gradient19 (E-G) lim-
iter. Of course, TVD schemes such as these have only been
proven theoretically for scalar nonlinear equations. However,
the results obtained with second-order methods show sub-
stantial improvement over the first-order results, as illustrated
in the second test case.

B. Boundary Conditions
For this space-marching algorithm, it is only necessary to

apply boundary conditions at the upper and lower boundaries
and supply a starting solution. The lower boundary is taken
to be an isothermal or adiabatic solid wall where the velocity
components are set to zero and the normal pressure gradient
at the wall is assumed to be zero. The wall density is deter-
mined from the equation of state. The upper boundary is
either a zero-gradient or a symmetry boundary. For the zero-
gradient case, the flow variables are determined by extrap-
olation. For symmetry boundary, the dependent variables are
reflected according to, Ujmax = S£/ymax-i> where S is the iden-
tity matrix with -1 as the 3,3 entry.

The grids used in this study were constructed with an al-
gebraic grid generator. Grid points were clustered along con-
stant-^ lines using Roberts20 exponential stretching function.

IV. Numerical Results
To demonstrate the solution of the PNS equation using

Osher's scheme, four two-dimensional, laminar test cases are
presented. The first case models supersonic flow over a flat
plate to emphasize the algorithms ability to accurately com-
pute highly viscous flows. The second case, the supersonic
diffuser, emphasizes the new methods capability to capture
shock waves. The last two cases, hypersonic flow in a compres-
sion corner and hypersonic flow in an inlet, evaluate the ability
of the algorithm to compute high-speed flows. In all cases,
the solution was started from freestream conditions.

A. Test Case 1
This first case models supersonic laminar flow over a flat

plate. The flow conditions are: M^ = 2.0 - 5.0; Re^ = 1.65
x 106; Pr = 0.70; T;, = Tw = 221.6 K; and a = 0.80. The
plate supports a leading-edge shock and a Blasius-type profile.
The grid, consisting of 95 points in the 17 direction, with an
initial height of 0.06, was sized for each Mach number to
capture the leading-edge shock. However, the spacing of the
first cell off the wall was kept at a constant distance of 7.6250E-
05. The solution was marched with an initial AJC of 0.125 x
10"4. Once the Mach number of the first cell dropped to 0.75,
adaptive space marching was initiated with a CFL of 2.0.
Viscosity is computed from the power law with an exponent
of 1.0. The C-O limiter is used with a compression parameter
of J. Because the region of interest is highly viscous and no
shocks were present, the solution was insensitive to changes
in the accuracy parameter.

Four cases were computed by varying the Mach number
between 2.0 and 5.0. The profile data were arbitrarily col-
lected at x = 0.93. Results are compared with solutions found
in Schlichting,21 originally computed by Hantzsche and Wendt,22

using the boundary-layer equations. Computations are made
using both Roe and Osher upwinding. Velocity profiles are
shown in Figs. 2a and 2b and temperature profiles are shown
in Figs. 3a and 3b. The comparisons between the computa-
tions of Hantzsche and Wendt are in good agreement with
the present computations, except for the maximum temper-
ature which is about 3% low. Results for the two upwind
methods are in excellent agreement as they appear as a single
solid line in Figs. 2b and 3b.



GERBSCH AND AGARWAL: OSHER'S UPWIND SCHEME 429
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1 Z 3 f 5 i 7 t

Fig. 2 Velocity profile on flat plate at zero incidence: a) after Hantzsche
and Wendt22; b) computed with upwind solvers.

0 1 2 3 4 5 6 7 8

0 1 2 3 4 5 6 7
b)

Fig. 3 Temperature profile on flat plate at zero incidence: a) after
Hantzsche and Wendt22; b) computed with upwind solvers.

B. Test Case 2
This case models supersonic laminar flow in a diffuser. The

flow conditions are: Mx = 2.0; Re* = 7.0 x 106; Pr = 0.72;
f=0 = Tw = 419 K; and a = 0.95. The geometry for the case
is shown in Fig. 4. The initial height of the grid 0.2 and the
5-deg wedge is located at jc = 0.2. The combination of geo-
metric parameters and initial conditions is such that the shock
waves produced by the 5-deg wedge undergo regular reflec-
tions. The inviscid solution to this flow pattern can be ap-
proximated with two-dimensional oblique shock wave theory.
The flow is modeled with a uniform grid of 60 points in the
normal direction and a constant step size of 0.00025. The

uniform grid and high Reynolds number minimize the effect
of viscosity to provide better agreement with theoretical data.
For the second-order results, d was set to I to capture shocks
accurately, but with minimal oscillation in the entropy pro-
files. The C-O limiter was used with a compression parameter
oH.

The theoretical results for static pressure ratio (/?//?*=) and
entropy ratio (s/s^) are given for the 46th rj cell. They are
compared with first- and second-order Roe and Osher solu-
tions. The comparisons for p/p^ and s/sx are shown in Figs.
5 and 6, respectively. The upwind schemes are in good agree-
ment with each other and with the theoretical results. There
is a marked improvement in shock capturing going from first
to second order (especially in entropy). With the finite volume
formulation, the mass flux is conserved to machine zero.
C. Test Case 3

This test case models hypersonic laminar flow over a 15-
deg wedge. The flow conditions were chosen to correspond
to the experiment of Holden,23 which has been studied ex-
tensively.9-11'24-26 This flow is supersonic in the inviscid region
and exhibits no separation of the boundary layer. The flow
supports an extremely strong shock wave at the leading edge
and a compression shock wave at the ramp. These features
are shown in Fig. 7. The flow conditions are: MM = 14.1; Rex
= 1.04 x 105; L = 0.439 m; Pr = 0.72; f^ = 72.2 K; Tw

Fig. 4 Geometry for supersonic diffuser.
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Fig. 5 Pressure ratio (p/px) in supersonic diffuser.
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Fig. 6 Entropy ratio (s/sx) in supersonic diffuser.



430 GERBSCH AND AGARWAL: OSHER'S UPWIND SCHEME

Resultant shock-

Compression shock-
Leading edge shock

Compression fan
-Boundary-layer edge

Fig. 7 Flow features for hypersonic ramp.

= 297 K; and cr = 0.80. The flow was modeled with 45 points
in the 17 direction clustered near the wall with a stretching
parameter of 1.08. The top of the grid was defined by

10.1708 + 0.0910*,
y I -0.2507 + 0.3445*,

if x < 1.66
otherwise (14)

The solution was started with a step size of 1.7 x 10~4 and
switched to adaptive marching when the Mach number of the
first cell dropped to 0.75. CFL was set to 1.0 for first-order
solutions and 2.0 for second-order solutions. For second-order
results 8 was set to I and the E-G limiter was used with a
compression parameter of 1.5. The E-G limiter was chosen,
because it gave slightly better results than the C-O limiter.

Pressure, heat transfer, and skin friction coefficients are
compared to the experimental values of Holden. The wall
pressure coefficient Cp, heat transfer coefficient Q, and skin
friction coefficient Cf are defined as

MwallCh =

s~* _ r^waii
7 ~ /^e, an

- rwall dn

(15)

where n represents the normal distance from the wall. The
comparison of Cp, Ch, and Cf with the experimental data is
shown in Figs. 8, 9, and 10, respectively. The slight overpre-
diction of values is consistent with previous investigators. The
comparison of Cf shows no increase until after the ramp,
because no information is propagated upstream to warn the
flow of the ramp. Again, the agreement between the upwind
schemes is good. The eigenvectors for the PNS system give
similar results to the Euler system, although the stability limit
is more restrictive. Thus, the use of the Euler eigenvectors
instead of the PNS eigenvectors does not adversely affect the
solution. The pressure contour for the second-order Osher
scheme is shown in Fig. 11. Other contours are not shown
because they are very similar.

D. Test Case 4
This final case is an extension of test 3; at the top of the

ramp, the flow is expanded around a 15-deg wedge. The upper
boundary is changed from a zero gradient extrapolation of
test 3 to symmetric boundary conditions as in test 2. As the
flow reaches the top of the ramp, the flow expands around
the corner and the boundary layer thickens. The induced
shock then intersects the boundary layer recompressing the
flow. The strong shock/boundary-layer interaction and the
reflected shock waves result in a demanding computational
case. This case has also been studied extensively.9-n'27'28 How-
ever, there are no experimental data and the solution is com-
pared to the Navier-Stokes results of Deese and Agarwal.28

The flow conditions are: Mx = 15.0; Re» = 8.0 x 104; L =
0.4 m; Pr = 0.72; T» = 100 K; tw = 1000 K; <r = 0.80.

This flow is modeled with 45 points in the rj direction with
a stretching parameter of 1.08. The solution was started with
a step size of 1.875 x 10 ~4 and switched to adaptive space
marching when the Mach number of the first cell dropped to
0.90. Before the solution reached the first shock boundary-
layer region, CFL is dropped to 0.2 and then increased to 0.5

o Holden & Moselle
Ist-Order Osher

2nd-Order Roe-Euler
2nd-6ider"Roe-PNS

0.500.75 1 1.25 1.50 1.75 2 2.25 2.50
x

Fig. 8 Wall pressure coefficient for hypersonic ramp.
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x

Fig. 9 Heat transfer coefficient for hypersonic ramp.
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Fig. 10 Skin friction coefficient for hypersonic ramp.
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Fig. 11 Pressure contour for Osher scheme on hypersonic ramp.
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Fig. 12 Wall pressure coefficient for hypersonic inlet.
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Fig. 13 Heat transfer coefficient for hypersonic inlet.
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Fig. 14 Skin friction coefficient for hypersonic inlet.
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Fig. 15 Pressure contour for Osher and Roe schemes in hypersonic
inlet.

before the second shock/boundary-layer interaction region.
The C-O limiter was used with a compression parameter of
3 and the accuracy parameter was set to i.

The Cp,Ch, and Cf coefficients are compared to the Navier-
Stokes results in Figs. 12, 13, and 14, respectively. The dis-
crepancy in the coefficients occurs because NS solvers27'28

predict separation at the shock/boundary-layer interaction re-
gions, while the PNS solvers march through these regions.
The pressure profiles for Osher and Roe schemes are shown
in Fig. 15, with the Roe solution on top and the Osher solution
on bottom. Note that no oscillations in pressure occur in the
boundary-layer region and that the contours agree well with
each other.

Conclusion
A new, explicit, finite volume upwind PNS solver has been

developed for high-speed flows which employs Osher and Roe
upwinding. The algorithm is globally second-order accurate
and employs flux limiters to make the solution TVD in the
crossflow direction. The validity of the approach is demon-
strated by computing four laminar-flow cases. The upwind
solvers are able to crisply capture shocks and resolve highly
viscous portions of the flowfield. Results agree well with the-
oretical and experimental results and other computations.

For the class of flows considered, no entropy correction
model was necessary for Roe's scheme (no expansion shocks
developed) and consequently the results agreed well with
Osher's scheme. However, for three-dimensional flows with
strong crossflow shocks, an entropy correction model may be
necessary. Under those conditions, Osher's scheme should
yield a more reliable solution. Osher's scheme was found to
be more stable (a higher CFL may be used), but requires
about 10% more CPU time to execute than Roe's scheme.

Employing the Euler eigenvectors, instead of the PNS ei-
genvectors, presents no difficulty in determining the crossflow
flux. In fact, the Euler eigenvectors allow for a higher CFL.
For flows without shock/boundary-layer interaction or only a
mild interaction, the two formulations yield nearly identical
results.

Work is currently underway29 to extend the Osher solver
to three dimensions and add a real-gas equation of state.

Appendix: Riemann Problem for PNS Equations
The interface flux is determined from the solution of the

linearized Riemann problem. The Riemann problem can be
solved using the unsteady problem associated with the Euler
equations or the steady problem associated with the PNS
equations. The Riemann problem associated with the Euler
equations is given by

— + Ay+1/2— = 0 (Al)

where the matrix Aj+m is the Jacobian of the flux vector F,
with initial conditions

U = 7 + 1/2

y+i /2

if

if
(A2)

for the / + i cell interface.
The Riemann problem associated with the PNS equations

is given by

—— + A+1/2 —— = 0 (A3)
d£ J dj] ^ '

with initial conditions

E** _
1 — ̂  T?*/TJ M \ I f „ ̂  ^

Jji ^+1/2) II *? < ^7+1/2

for the j + i cell interface. The matrix DJ+m is of the form

(A5)
7+1/2

The eigenvalues of Dj+1/2, obtained from the solutions of det[A
- AA*] = 0, where the inviscid flux Jacobian A* is 8E*/dU,
are

A2,3 = WO, AM = (^a2 + Vai - 4ala3)/2al (A6)

where the coefficients are given by
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a, =

«2 = -UV(1 + d) + («

«3 = V2 - (A7)

and

= (y - 1) (h -

*f =

- ' y J + ? = u2 + v2 (A8)

The matrix of right eigenvectors for Dj+l/2, in AC/ space, found
from the solution of [A - Ayl*]^ = 0, is

1 1 0 1

0 0 u u- a4(A4)£(A4)

0 0 v v - a5(A4X(A4)

i) —r- <l>2 h ~ «i(A4)^(A4)

R =
M —

(A9)
where

03(2) =

«s(*) = "f -

£(z) = «1(z)/[a2(z)a4(z) (AID)
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